Abstract
(NF) of thin-walled open section composite beams according to the Vlasov theory modified to include transverse shear and restrained warping induced shear deformations. Pluzsik and Kollár [13] developed a simple expression to determine the effect of shear deformation in thin-walled beams. Potzta and Kollár [14] developed a method for building analysis applying replacement sandwich beams, accounting for shear deformation, as well. Zalka [15] proposed a closed -form solution for the analysis of deflection in tall buildings (braced by frames, shear walls and cores), substituted by an equivalent column. In this study, besides bending deformation, shear deformation is accounted for.
The purpose of this article is to investigate the change in the magnitude of NFs of tall buildings braced by core only, caused by the action of lintel beams and floor slabs. For that, a relatively simple numerical method, based on the Vlasov theory of thinwalled beams and transfer matrix method, has been developed.
The core was longitudinally divided, floor to floor, in segments. Mass distribution was idealized by concentrating masses of each segment at the corresponding floor slab level, in the common centre of masses. Computer program TWBEIG written in Visual Fortran was developed for the presented procedure to calculate NFs. In order to verify the proposed method, the results presented in this paper were compared to FEM results and with results of an experimental test carried out on a plexiglass model.
Analytical model
The thin-walled beam is analysed in the Cartesian coordinate system OXYZ, whose Z−axis connects the centroids O of the cross sections, and axes X and Y were chosen to match the main central axes of inertia of the cross section. Starting from usual assumptions of the Vlasov theory:
• the cross-section is perfectly rigid in its own plane,
• the shear strains in the middle surface of the wall are negligible.
• There is no shear strain in the plane perpendicular to the middle surface (Kirchhoff's thin plate bending assumption), the governing equations of motion of the thin-walled beam can be formulated as three coupled differential equations [16] : and I XX and I YY are the moments of inertia in relation to principal axes, I ΩΩ is sectorial moment of inertia, K is the Saint Venant's torsional constant and I D is the mass moment of inertia in respect to the same point.
The free harmonic vibrations are defined by the coupled homogeneous equations (1) . The solution may be expressed as:
(2) U (Z), V (Z) and Φ (Z) are amplitudes of the basic unknown variables, which depend on the Z coordinate only and ω is the circular frequency. Substituting expressions (2) in equations (1) yields:
Knowing the state vector at the lower endpoint of each segment, the state vector at the upper endpoint can be determined by the transfer-matrix method, using solution of differential equations (3). The state vector {S } of the basic unknowns
comprises of generalized displacements, its derivatives and generalized forces
shear axis.
Transfer-matrix method
In longitudinal direction the core of the building consists of n segments and floors. The marking (numbering) of floors starts at the foundation and rises towards the top. The segment marked m is between the floors marked m − 1 (lower level) and m (higher level). The generalized forces at the endpoints of the segment are shown in Fig. 1 . Longitudinally the wall thickness of the cross section is constant within the observed segment, but it can change from segment to segment. At the same time, centroids and the shear centre of cross sections always remain on the same axes. The geometrical characteristics of core cross section refer only to a specific segment.
The beam and the slab are made of same material as the core, therefore the physical characteristics, such as E, G and ρ are the same as for the core. The forces due to lintel beams and floor slabs, as well as inertia forces that act in the center of masses C, are reduced to the nodes.
Taking in account that the total mass of the model is concentrated in the center of masses corresponding to each level (inertial forces act only at the endpoints of each segment), equations (3) related to a particular segment are given as follows:
The solution of the differential equations (5) is obtained in a matrix form as following: In each node of the core the generalized forces act infinitely closely above and below the node, and in the node itself. The generalized forces acting just above node m are denoted by a lower index m. The forces acting in the node itself represent bimoments (due to the corresponding lintel beam and floor slab) and inertia forces. They are denoted by subscript m and upper line. The generalized forces in the cross section just below node m are denoted by subscript m and superscript d (see Fig. 2 ).
Fig. 2. Generalized forces in node m
When the construction is subject to vibration, masses are exposed to acceleration, inducing inertia forces and inertia torque in respect to the center of mass C. Reduced to node D, they are:
where M is the mass reduced to center C, Y DC and X DC are projections of distance between points C and D on the Y and X axes, respectively.
The transfer matrix of node m is obtained by exploiting compatibility and equilibrium conditions in the node, considering forces acting just above and below the node, and in the node itself. The relation between the state vectors above and below the node is:
where A m,n is the transfer matrix of node m, see Appendix.
The connection between the state vectors of node m − 1 and node m is obtained by substituting the matrix relation (6) into (8):
where [A m ] is the transfer matrix between nodes m − 1 and m.
Influence of lintel beam on torsional rigidity of the core
The lintel beam is considered to be rectangular in cross section, where the end points are fixed to the core at points a and b, as seen in Fig. 3(b) . The effect of lintel beam is to restrain the longitudinal deformations (warping) of the core resulting from torsion. With respect to the adopted assumptions, during the bending of the core, around X or Y axes, cross sections do not deform and remain plane, so it does not affect the deformation of lintel beam.
The vertical displacements and rotations of the end points of the beam due to warping are:
where Ω a and Ω b are the principal sectorial coordinates of the end points, d is the distance of the end points from the shear center. The beams are exposed to bending in the vertical plane only, causing reactive forces and moments in the endpoints:
where I is the second moment of the area of the cross section in relation to the horizontal axis, l is the beam span, α is the shear area coefficient. Substituting (10) into (11)-1 yields:
where A is the area enclosed by the cross section of the core, as shown in Fig. 3(c) .
The influences of reactive forces and moments on torsional rigidity of the core may be accounted for by external bimoment [16] 
Finally, substituting (12) into (13) yields bimoment in the node m of core, caused by the beam:
where R b is the bimoment caused by beam for ϕ = 1.
Influence of floor slab on torsional rigidity of the core
The floor slab in this study is treated as a plate of constant thickness which is simply supported by the core along the inner edge, while along the outer edge it is free of restraints (see Fig. 4 ). Subsequently, the influence of boundary conditionsi.e. the type of restraints along the outer edge of the floor slabson the NFs is checked by a comparative analysis, the details of which are provided in Section 3.
The application of the here presented, rather simplified boundary conditions is justified by the fact that influences in the floor slabs induced by vertical movements of the core are significantly decreased by the distance from the core. Similar to the lintel beams, floor slabs deform only by warping, while due to the bending of the core, the floor slabs rotate around X or Y axes without deformation, as rigid bodies.
The vertical displacement of any common point P i of the core is:
The plate is exposed to displacements and rotation at these points, causing support reactions (axial forces and moments), which can be calculated using FEM.
Force F i and moment M i stemming from the known displacement pattern of the plate, represent external concentrated load of the core at point P i . Their influence on the core can be taken as the external bimoment (according to [3] ):
where
Period. Polytech. Civil Eng. is the external bimoment in the node due to unit warping, ϕ = 1. N j is the total number of calculation points P i along the contact of the core and the slab.
The sum of the influence of the lintel beam (14) and floor slab (16) in the node of the thin-walled beam yields the total bimoment:B
Calculation of NFs
Knowing the influence in node 0, the influence in the top node n of the thin-walled beam is determined by:
where Ā n is the transfer matrix between the bottom node 0, and the top node, n, of the thin-walled beam.
The following are the boundary conditions at the bottom and top of the thin-walled beam, six at each end:
installed into the state vectors in Eq. (19) , yields a system of six homogenous algebraic equations, which has a nontrivial solution only if the system determinant equals zero, i.e.:
Solving (21) in respect to ω j yields the system circular NFs.
Computer program for calculation of NFs of the model
Based on the method described above a computer program TWBEIG written in Visual Fortran was developed.
Program TWBEIG searches for the solution by sweeping through a given frequency range by a default frequency step. The process of computation is as follows:
• before starting the program TWBEIG, the external bimoment in the node due to unit warping R pl needs to be determined by (17) , using FEM.
• The stiffness of the constitutive elements is then calculated by the activated TWBEIG, based on geometry and the and properties of materials used;
• generates transfer matrices given by (9) and (19);
• calculates the value of the determinant in (21) at each frequency, until the change of its sign occurs.
• The frequency corresponding to the sign change represents one of the NFs in the given frequency range.
• The same procedure is repeated until all NFs are determined.
The accuracy of the solution is determined by the applied frequency step, which can be adopted arbitrarily.
Numerical examples
In order to illustrate the efficacy of the proposed numerical method, and to investigate the influence of lintel beams and floor slabs on NFs of the tall buildings core, two numerical cases will be used.
Example 1.
The first example is a simple, fifteen-storey single core tall building, used previously in papers [1] , [3] and [4] . The dimensions are shown in Fig. 5 and Fig. 6 .
The input parameters required by the program are as follows:
• parameters describing the material:
• parameters describing the core: X DC = 0 m, and R pl = 3336.5 ·10 6 Nm 3 for all nodes. R pl is determined by (17) as described in Section 2.3. In order to investigate the influence of lintel beams and floor slabs on the dynamic characteristics of the core, four cases of calculation have been considered:
• case TWB-1, the stiffness characteristics of the beams and floor slabs were both taken into account;
• case TWB-2, the stiffness characteristic of beams are taken into account only;
• case TWB-3, the stiffness characteristic of floor slabs are taken into account only;
• case TWB-4, the stiffness characteristics of both beams and floor slabs are neglected.
In all four cases the mass of the core and floor slabs are taken into account, while the mass of beams are neglected as minor, compared to the ones mentioned above.
For the FEM analysis, Four-node Quadrilateral Shell Elements are used: 90 elements in each storey for the floor slabs and 36 elements in each segment of the core. Each beam was modeled by 2 Frame Elements of Rectangular shape. The number of calculation points along the contact of the core and the slab is 13. The details of the applied boundary conditions are as follows:
• the joints of the core elements at the bottom level are fully restrained;
• joints on the outer edge of floor slabs are free of restrains;
• the vertical displacement of the slab and the core must be compatible in the joints.
The results both of the TWBEIG and FEM analyses, together with the relative differences, are presented in Table 1, Table 2,  Table 3 and Table 4 to the flexural-torsional vibration mode, and the second is only the flexural mode in Y direction. The comparison of the results TWB-1 with TWB-3 and TWB-2 with TWB-4 highlights the influence of lintel beams on NFs.
It is obvious that lintel beams have a significant influence on the first NF (approximately 55% in both cases), much less on the third (10%), while they do not affect the second NF at all. This was expected, since lintel beams do not deform in this mode.
Similarly, the influence of floor slabs on NFs can be seen by the comparison of results TWB-1 with TWB-2, and TWB-3 with TWB-4. The floor slabs evidently modify NF much less than lintel beams do (up to 5% only). No change in the second NF has been detected, for the same reason as in the case of the beams. Fig. 7 shows the variation of the first and third mode of NFs of the core in function of the height of lintel beams (H), calculated by TWBEIG and FEM. A comparative analysis is performed, using FEM, in order to gain insight into the influence of the boundary condition along the outer edge of the slab on the NF. The boundary conditions considered are as follows:
• the outer edge is free of restraints, and
• the outer edge is simple supported. This investigation is accomplished for the case TWB-1. The results are summarized in Table 5 . It is evident that in the analyzed case the considered boundary conditions along the outer edge of floor slabs have no significant influence on the calculation results.
Example 2.
In this numerical example the results of experimental studies performed on a 15-storey plexiglass model of a tall building are compared with the results obtained by numerical methods.
Taking into account that floor slabs serve to hold the cross section in shape, thus satisfying a basic assumption for the Vlasov theory, the experimental results will be compare with TWBEIG and FEM results only for models with floor slabs.
Experimental models with and without lintel beams are denoted by PLX-1 and PLX-2, respectively. The height of a single storey is 77 mm. Plates of plexiglass XT, 2 and 6 mm thick were used in the model (Fig. 8) . At the bottom, the model was glued to a plexiglass board 2 · 10 mm thick, which was fastened to a concrete floor.
The input parameters for TWBEIG program are:
• parameters describing the core: • parameters describing the beam: Young modulus E was obtained by measurements, performed in the laboratories of the Faculty of Civil Engineering, Subotica, Serbia. The mass of the lintel beams and the mass of the accelerometers (together with the corresponding screws and connectors) fixed to the top node of the model were accounted for to make the calculations as close as possible to the experimental (physical) model.
In order to measure the dynamic response of the model, two IMI ICP Accelerometers (model 603C01) have been used. One of them was a control device. The signal was acquired and processed with VB2000™FFT Vibration Analyzer. The tested frequency range is 0 -100 Hz, with a resolution of 800 lines, i.e. the frequency interval is 0.125 Hz. The analyzer has a built-in Bump Test function [17] , which represents a simple method for analyzing the structural modal response of a machine or structure. It requires the hitting (bumping) of the structure with a hammer. During the measurements waveform records have been taken four times, which were immediately transformed into frequency spectrum by the analyzer. The resulting frequency spectrum was obtained by applying peak hold averaging, which is stored in the memory by the instrument. Further analysis of the recorded data was carried out by computer using ASCENT 2007+ software [18] .
Points A-1 and A-2 of the cross section at the top of the model were chosen for the location of accelerometers, which preserved the symmetry of the model. The spots and direction of the hammer blows to the model are shown in Fig. 9 . B-1 excites the first and third mode, which creates coupled flexural-torsional vibrations. B-2 excites vibrations in the direction of Y axis, which correspond to the second mode. NFs of the experimental model PLX-1 correspond to the peaking frequencies in Fig. 10 and Fig. 11 . The peaks and the corresponding frequencies are easily determined by ASCENT 2007+ software.
The outlined method to determining NFs is accurate enough for this type of model. Even though the study of the mode shape is beyond the scope of this paper, the combination of experimental tests and numeric results presented later in the paper, enable the identification of the mode shape and the corresponding NFs (according to Ambrosini [19] and [20] ). In Table 6 and Table 7 the experimental values of NFs are compared with TWBEIG and FEM results.
The values of frequencies show reasonable agreement between the experimental and calculated TWBEIG and FEM results. Regarding the influence of lintel beams on the value of NF of the core, the same conclusions apply, as in the previous example.
Conclusions
The influence of lintel beams and floor slabs on NFs of tall buildings, braced by core walls was examined. For that pur- pose a numerical procedure, based on the Vlasov theory of thinwalled beams and transfer matrix method, has been developed. The obtained results were compared with FEM and experimental results. Good agreement has been achieved.
Based on the analysis accomplished by the proposed method, the following can be concluded:
• Lintel beams have a significant effect on the NFs,
• while the effect of floor slabs is much lower.
• Boundary conditions along the outer edge of floor slabs have no significant influence on the calculated NFs.
• The proposed numerical method offers a solid base for creation of a simple computer model, suitable for the determination of NFs of the tall buildings core. The limited number of unknowns in the proposed model provides good control, easy and quick presentation and overview of the obtained results. It is simple and accurate enough to be used either for preliminary design or for final analysis.
The outlined method is suitable for the calculation of NFs of tall building braced by a single core, in the cases when the characteristics of the building meet the assumptions adopted in the proposed method sufficiently. The application of the proposed method is limited to cases where the foundation is stiff enough to comply with the related assumption declared in the Introduction, i.e. to provide near full restraint.
It is obvious that neglecting the shear deformation of the core introduces certain error in the results, however, it is not expected to have a significant influence on the impact of lintel beams and floor slabs -determined mostly by their geometry -on the NFs of tall buildings core.
Appendix
The transfer matrix of segment m: The transfer matrix of node m: 
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